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THE ZARISKI CLOSURE OF INTEGRAL POINTS ON VARIETIES
PARAMETRIZING PERIODIC CONTINUED FRACTIONS
BRUCE W. JORDAN, ADAM LOGAN, AND YEVGENY ZAYTMAN
Abstract. Let R be the ring of S-integers in a number field K. Let B = {β, β∗} be the
multi-set of roots of a nonzero quadratic polynomial over R. There are varieties V (B)N,k
defined over R parametrizing periodic continued fractions [b1, . . . , bN , a1, . . . , ak] for β or β
∗.
We study the R-points on these varieties, finding contrasting behavior according to whether
groups of units are infinite or not. If R is the rational integers or the ring of integers in
an imaginary quadratic field, we prove that the R-points of V (B)N,k are not Zariski dense.
On the other hand, suppose that β 6∈ K ∪ {∞}, R× is infinite, and that there are infinitely
many units in the (left) order Rβ of βR+R ⊆ K(β) with norm to K equal to (−1)k. Then
we prove that the R-points on V (B)1,k are Zariski dense for k ≥ 8 and the R-points on
V (B)0,k are Zariski dense for k ≥ 9. We also prove that the varieties V (B)1,k and V (B)0,k
are K-rational.
1. Introduction
LetK be a number field and let S be a finite set of primes ofK containing the archimedean
ones. Let R be the ring of S-integers of K. The foundations of periodic continued fractions
(PCFs) over R and their parametrizing varieties were developed in [BEJ19]. We will freely use
the notation and results of that paper. Periodic continued fractions [b1, . . . , bN , a1, . . . , ak]
are said to have type (N, k); if the partial quotients are in R they are R-PCFs. Points
p = (b1, . . . , bN , a1, . . . ak) ∈ AN,k := AN × Ak correspond to PCFs
P = PN,k(p) = [b1, . . . , bN , a1, . . . , ak]
of type (N, k). Let B = {β, β∗}, where β and β∗ are the roots in Q of a nonzero quadratic
polynomial with coefficients in R. For every R-PCF P of type (N, k), there is a corresponding
quadratic polynomial Q(x) := QuadN,k(P )(x) ∈ R[x] with P formally a root obtained by
expanding the equality
[b1, . . . , bN , a1, . . . , ak] = [b1, . . . , bN , a1, . . . , ak, a1, . . . , ak].
There is a variety V (B)N,k ⊆ AN,k [BEJ19, Defn. 3.1] defined using Euler’s continuant
polynomials with the property that if P is an R-PCF with B the multi-set of roots of
QuadN,k(P ), then p(P ) ∈ V (B)N,k(R). If α ∈ R but β =
√
α /∈ R, we shorten the no-
tation to V (α)N,k := V ({β,−β})N,k. Set D(a) := [ a 11 0 ] and t = [ 0 11 0 ]. For the point
p = (b1, . . . , bN , a1, . . . , ak) ∈ V (B)N,k(R), the matrix E := EN,k(p) = E(P ) = EN,k(P )
from [BEJ19, Defn. 2.4] which plays a key role:
E =
[
E11 E12
E21 E22
]
= D(b1) · · ·D(bN )D(a1) · · ·D(ak)tD(−bN ) · · ·D(−b1)t. (1)
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In this paper we study the Zariski closure of V (B)N,k(R) in V (B)N,k(C). We find opposite
behavior in cases where the unit group R× is finite or infinite. In Section 2 we consider
R = Z and prove that the Z-points are never dense. We extend this result in Section 3 to
the ring of integers in an imaginary quadratic field. Finally we consider the case where R×
is infinite, β /∈ K ∪ {∞}, and N = 0, 1. Let Rβ ⊂ K(β) be the (left) order of the R-lattice
Lβ = βR + R, cf. Definition 5.2. Supposing additionally that there are infinitely many
units u ∈ Rβ with NK(β)/K(u) = (−1)k, we prove that in V (B)1,k(R) is Zariski dense for
k ≥ 8. Assuming the Generalized Riemann Hypothesis as in [JZ19, Sect. 4], we prove that
V (B)1,k(R) is Zariski dense for k ≥ 4 if S contains a real archimedean prime, for k ≥ 5 if
S contains a finite prime, and for k ≥ 6 in general. We prove these results by fibering the
variety V (B)1,k over the Fermat-Pell rational curve and then analyzing the fibers of this map
using the main results of [JZ19b]. This also shows that the varieties V (B)1,k are K-rational.
2. The case R = Z
It is not hard to prove that the Z-points on V (B)N,k are not Zariski dense for arbitrary
N and k with N + k > 2. This follows from a classical result on nearest-integer continued
fractions [Hur89, Sect. 2] , which we state using modern notation:
Theorem 2.1. Every α ∈ R can be expressed uniquely as α = [c1, . . . , cN ] with ci ∈ Z and
possibly N =∞ satisfying the conditions:
(a) |ci| ≥ 2 for i > 1.
(b) If ci = ±2 for i > 1, then sgn(ci) = sgn(ci+1).
(c) If N <∞, then cN 6= −2.
Corollary 2.2. For each α ∈ R, N, k there exists at most one Z-PCF
α = [c1, . . . , cN , cN+1, . . . , cN+k]
with |ci| > 2 for i > 1.
Since we only use the uniqueness part of Theorem 2.1, we will give a proof below, but first
we need a lemma.
Lemma 2.3. Let α = [c1, . . . , cN ] with ci ∈ Z and possibly N =∞ satisfying the conditions:
(a) |ci| ≥ 2.
(b) If ci = ±2 for i 6= N , then sgn(ci) = sgn(ci+1).
Then 1/α ∈ [−1
2
, 1
2
] and sgn(α) = sgn(c1).
Proof. First assume N is finite and proceed by induction on N . If N = 1 then the result is
obvious. Now suppose the result holds for α′ = [c2, . . . , cN ]. Then α = c1+1/α
′. So if |c1| ≥ 3,
we have |c1 + 1/α′| ≥ 3− 1/2 > 2; and if |c1| = 2 we have sgn(c1) = sgn(α′) = sgn(1/α′) so
|c1 + 1/α′| > |c1| = 2. In either case we have sgn(c1) = sgn(α).
The case with N =∞ follows by taking limits. 
Proof of uniqueness in Theorem 2.1. Let α = [c1, c2, c3, . . .] = [d1, d2, d3, . . .] be a counterex-
ample chosen such that the first i with ci 6= di is minimal among all counterexamples. Note
that we must have i = 1 since otherwise [c2, c3, . . .] = [d2, d3, . . .] would be a counterexample
with smaller i. Now let α′ = [c2, c3, . . .], so α = c1+1/α
′. By Lemma 2.3, 1/α′ ∈ [−1/2, 1/2].
We can’t have 1/α′ = −1/2, since then α′ = −2 and c2 = −2, contradicting condition
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Theorem 2.1(c). Hence 1/α′ ∈ (−1/2, 1/2]. Therefore, c1 = ⌈α⌋ and similarly d1 = ⌈α⌋,
contradicting the assumption that c1 6= d1. 
Prior to proving our first theorem, we recall an 1865 theorem of Worpitzky:
Theorem 2.4. (Worpitzky [Wor65], cf. [JT80, Cor. 4.36]) Let C = [c1, c2, . . . , cn, . . .] be a
continued fraction with ci ∈ C, i ≥ 1. If |cncn+1| ≥ 4 for n ≥ 1, then C converges.
Theorem 2.5. Suppose B = {β, β∗} is the multi-set of roots of a quadratic polynomial over
Z with β /∈ Q ∪ {∞}. For any N ≥ 0, k ≥ 1 with N + k > 2, the Z-points on V (B)N,k are
degenerate, i.e., they are not Zariski dense.
Proof. Note that if N + k > 2, then dimV (B)N,k ≥ 1. In light of Corollary 2.2, to prove
Theorem 2.5 it suffices to show that any PCF
P = [c1, . . . , cN , cN+1, . . . , cN+k] (2)
with ci ∈ Z, |ci| > 2 for i > 1, converges. In fact, the stronger statement that P as in
(2) with ci ∈ Z, |ci| ≥ 2 for i > 1, converges is an immediate consequence of Theorem 2.4
above. 
3. Rings of integers in imaginary quadratic fields
There is an analogous result to Theorem 2.1 for imaginary quadratic fields. We first
establish some notation.
Let F be an imaginary quadratic field and O its ring of integers. The ring O is naturally
a 2-dimensional Z-lattice with ‖z‖2 = zz for z ∈ O. Let V0 be any closed fundamental
domain for O and U0 its interior. For c ∈ O let Vc = c + V0 and Uc = c + U0 be the
corresponding translated fundamental domains. Let U−10 = {x ∈ C | x−1 ∈ U0} and let
M = {c ∈ O | Vc 6⊂ U−10 }. Note that M is finite and that there exists a closed set W ⊂ U0
such that V −1c ⊂W for all c ∈ O \M . We can now state our analogue of Theorem 2.1.
Theorem 3.1. Every α ∈ C can be expressed in at most one way as α = [c1, c2, c3, . . . ] with
ci ∈ O \M .
Note that such an expression need not exist.
As in the previous section the proof requires an analogue of Lemma 2.3.
Lemma 3.2. Let α = [c1, . . . , cN ] with ci ∈ O\M and possibly N =∞. Then 1/α ∈ W ⊂ U0.
Proof. First assume N is finite and proceed by induction on N . If N = 1, then the result
follows since α = c1 ∈ Uc1 ⊂ U−10 . Now suppose the result holds for α′ = [c2, . . . , cN ]. Then
α = c1 + 1/α
′. So we have α ∈ c1 + U0 = Uc1 ⊂W−1 and 1/α ∈ W .
The case with N =∞ follows by taking limits since W is closed. 
Proof of Theorem 3.1. As in the proof of Theorem 2.1 let
α = [c1, c2, c3, . . . ] = [d1, d2, d3, . . . ]
be a counterexample chosen such that the first i with ci 6= di is minimal among all coun-
terexamples. As before we must have i = 1 since otherwise [c2, c3, . . . ] = [d2, d3, . . . ] would
be a counterexample with smaller i. Now let α′ = [c2, c3, . . . ], so α = c1 + 1/α
′. By Lemma
3.1, 1/α′ ∈ U0; therefore c1 is the unique element of O with α ∈ Uc1 and by the same logic
so is d1. 
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Theorem 3.3. Let O be the ring of integers in an imaginary quadratic field F. Suppose
B = {β, β∗} is the multi-set of roots a quadratic polynomial over O with β /∈ F ∪{∞}. Then
for any N ≥ 0 and k ≥ 1 with N +k > 2, the O-points on V (B)N,k are degenerate, i.e., they
are not Zariski dense.
Proof. By Theorem 2.4, any O-point (c1, . . . , cN , cN+1, . . . , cN+k) with |ci| ≥ 2 for i > 1 on
the affine variety V ({β, β∗})N,k corresponds to a PCF
P = [c1, . . . , cN , cN+1, . . . , cN+k]
converging to β or β∗. By Theorem 3.1, there is at most one way to write β or β∗ as
[c1, . . . , cN , cN+1, . . . , cN+k] with all the ci satisfying ai 6∈M and |ci| ≥ 2. 
4. Matrix-factorization varieties
Suppose A ∈ SL2(R).
Definition 4.1. For A ∈ SL2(R), let V N,k(A) ⊆ AN,k ≃ AN+k be the variety
V N,k(A) : A = D(y1) · · ·D(yN)D(x1) · · ·D(xk)tD(−yN)D(−yN−1) · · ·D(−y1)tk+1.
In case N = 0 we have that V 0,k(A) is the variety V k(A) of [JZ19b, Defn. 1.2(4)]:
V 0,k(A) = V k(A) : A = D(x1) · · ·D(xk)tk (3)
(using the fact that t2 = I2).
In case N = 1, note that D(ak)tD(−b1) = D(ak − b1), so that
V 1,k(A) : A = D(y1)D(x1) · · ·D(xk)tD(−y1)tk+1 = D(y1)D(x1) · · ·D(xk−1)D(xk − y1)tk+1.
(4)
Hence we have a linear R-isomorphism
ϕ : V 1,k(A)→ V k+1(A) = V 0,k+1(A) by (b1, a1, . . . , ak) 7→ (b1, a1, . . . , ak−1, ak − b1). (5)
We get a version of Theorems 2.5 and 3.3 for the varieties V N,k(A).
Theorem 4.2. Let O be Z or the ring of integers in an imaginary quadratic field. Suppose
A ∈ SL2(O). Then for any N ≥ 0 and k ≥ 1 with N + k > 3, the O-points on V N,k(A) are
degenerate, i.e., they are not Zariski dense.
Proof. By Theorem 2.4, any O-point p = (b1, . . . , bN , a1, . . . , ak) with |ai| ≥ 2 for i > 1 on
the affine variety V N,k(A) corresponds to a periodic continued fraction
P (p) = [b1, . . . , bN , a1, . . . , ak]
converging to a value β. Note that
(
β
1
)
must be an eigenvector of Atk. By Corollary 2.2
or Theorem 3.1, for each eigenvector
(
βi
1
)
of A there is at most one way to write βi as
[b1, . . . , bN , a1, . . . , ak] with all the ai satisfying ‖ai‖ ≥ 2 and ai 6∈M if applicable. 
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5. The fibration of V (B)N,k over the Fermat-Pell rational curve
Suppose now that B = {β, β∗} is the multi-set of roots of 0 6= Ax2 +Bx+C ∈ R[x]. The
Fermat-Pell rational curve FPk(B)/R and the fibration piFP : V (B)N,k → FPk(B) over R are
defined in [BEJ19, Sect. 3.2]. The Fermat-Pell curve FPk(B) ⊆ A4(a,b,c,d) is defined by
ad− bc = (−1)k, Bc = A(d− a), −Ab = Cc, −Bb = C(d− a) . (6)
For a point
p = (b1, . . . , bN , a1, . . . , ak) ∈ V (B)N,k ⊆ AN,k,
we have
piFP(p) = (E11(p), E12(p), E21(p), E22(p)) ∈ FPk(B) (7)
with the polynomials Eij(b1, . . . , bN , a1, . . . , ak), 1 ≤ i, j ≤ 2, given in (1).
In case α ∈ R but √α /∈ R, we write FPk(α) := FPk({√α,−√α}). In this case we have
the familiar plane conic model of the Fermat-Pell rational curve
FPk(α) : y
2 − αx2 = (−1)k (8)
with the R-isomorphism between the two models (6) and (8) given by
(a, b, c, d) 7→ (c, d) = (x, y).
If (a, b, c, d) ∈ FPk(B), the fiber pi−1FP(a, b, c, d) is defined by the equations
pi−1FP(a, b, c, d) : E(p) = [
a b
c d ] . (9)
Hence we have the following:
Proposition 5.1. ([BEJ19, Prop. 3.5]) The fiber pi−1FP(a, b, c, d) is R-isomorphic to V N,k([
a b
c d ] t
k).
We will need to understand when #FPk(B)(R) =∞. Because FPk(B) is a rational curve
over R with 2 points at infinity, FPk(B)(R) could be either infinite or finite.
Definition 5.2. Assume β 6∈ K ∪ {∞}. Let Rβ ⊂ K(β) be the (left) order of the R-lattice
Lβ := βR +R.
Proposition 5.3. Assume β 6∈ K ∪ {∞} with B = {β, β∗} the multi-set of roots of Ax2 +
Bx+ C ∈ R[x].
(a) Rβ = Rβ∗.
(b) Suppose A = 1, so β and β∗ satisfy a monic quadratic polynomial over R. Then
Rβ = Rβ∗ = R[β] = R[β
∗].
Proof. Part (a) follows from the fact that orders in quadratic extensions are Galois invariant.
Part (b) is just the fact that the (left) order of an order is itself. 
Proposition 5.4. Assume β 6∈ K ∪ {∞}. Then there is a bijective correspondence between
FPk(B)(R) and units of Rβ with norm (−1)k.
Proof. Let [ a bc d ] ∈ FPk(B)(R). Then (cβ + d)(cβ∗ + d) = (−1)k. Furthermore,
(cβ + d) · 1 = cβ + d ∈ Lβ
and by (6)
(cβ + d)β =
(
d− cB
A
)
β − cC
A
= aβ + b ∈ Lβ .
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Therefore, (cβ + d)Lβ ⊂ Lβ and cβ + d is a unit of Rβ of norm (−1)k.
Conversely, let cβ + d ∈ R×β have norm (−1)k. Let (cβ + d)β = aβ + b. Then[
a b
c d
]
∈ FPk(B)(R).

6. Nondegeneracy of integral points on V (B)1,k and V (B)0,k for k
sufficiently large
We can now formulate and prove our main theorem on the integral points on the PCF
varieties V (B)1,k and V (B)0,k. It is convenient to formulate a standard hypothesis:
Hypothesis 6.1. HYPm(R) : For every A ∈ SL2(R), V m(A)(R) 6= ∅.
Remark 6.2. (a) Equivalent formulations of HYPm(R) are given in [JZ19b, Prop. 2.1(b)].
(b) For R with R× infinite, the hypothesis HYPm(R) implies that V m(A)(R) is Zariski dense
if m ≥ 4 for every A ∈ SL2(R) by [JZ19b, Thm. 4.3(b)].
Theorem 6.3. Let B = {β, β∗} be the multi-set of roots of Ax2 + Bx + C ∈ R[x] with
β /∈ K ∪{∞}. Suppose there are infinitely many units in Rβ as in Definition 5.2 with norm
(−1)k and suppose that there are infinitely many units in R.
(a) (i) Assume HYPm(R). Then the R-points of V (B)1,k are Zariski dense if k ≥ m−1 ≥
3.
(ii) Assume HYPm(R). Then the R-points of V (B)0,k are Zariski dense if k ≥ m ≥ 4.
(b) (i) The R-points of V (B)1,k are Zariski dense if k ≥ 8.
(ii) The R-points of V (B)0,k are Zariski dense if k ≥ 9.
(c) Assume the Generalized Riemann Hypothesis as in [JZ19, Sect. 4].
(i) The R-points on V (B)1,k are Zariski dense for k ≥ 4 if S contains a real archimedean
prime, for k ≥ 5 if S contains a finite prime, and for k ≥ 6 in general.
(ii) The R-points on V (B)0,k are Zariski dense for k ≥ 5 if S contains a real archimedean
prime, for k ≥ 6 if S contains a finite prime, and for k ≥ 7 in general.
Proof. The assumption that there are infinitely many units in Rβ with relative norm (−1)k
is simply the statement that the Fermat-Pell rational curve FPk(B) has infinitely many R-
points by Proposition 5.4 . For piFP : V (B)1,k → FPk(B) and an R-point (a, b, c, d) ∈ FPk(B),
pi−1FP(a, b, c, d)) ⊆ V (B)1,k is R-isomorphic to the variety V 1,k([ a bc d ] tk) ≃ V k+1([ a bc d ] tk) by
Proposition 5.1 and (5). Similarly the fiber pi−1FP(a, b, c, d) of the Fermat-Pell fibration for
V (B)0,k is V k([ a bc d ] tk).
Assume HYPm(R) for m ≥ 4; then V m(A)(R) is Zariski dense for any A ∈ SL2(R) by
Remark 6.2(b). Apply these statements with A = [ a bc d ] t
k to show that the R-points are
Zariski-dense on the fibers of the Fermat-Pell fibrations under the indicated hypotheses. But
now if we have fibrations
piFP : V (B)1,k → FPk(B), piFP : V (B)0,k → FPk(B) (10)
such that the set of fibers whose R-points are Zariski dense is a Zariski dense subset of the
base, then the R-points are Zariski dense on the total space, thereby proving Theorem 6.3(a).
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To prove (b), note that HYPm(R) is true for m ≥ 9 by [MRS18, Thm. 1.1]. To prove (c)
assuming the Generalized Riemann Hypothesis [JZ19, Sect. 4], note that by [JZ19, Thm. 1.3],
HYPm(R) is true for k ≥ 5 if S contains a real archimedean prime, for k ≥ 6 if S contains
a finite prime, and for k ≥ 7 in general. 
Remark 6.4. If S contains a real archimedean prime or a finite prime, then under the
assumptions of Theorem 6.3 one can conclude by [JZ19b, Thm. 1.3(b)] that V (B)1,k(R) is
Zariski dense for k ≥ 7 using and V (B)0,k(R) is Zariski dense for k ≥ 8.
We also record a theorem on the geometry of PCF varieties:
Theorem 6.5. The varieties V (B)1,k and V (B)0,k are rational over the field K.
Proof. We have by [JZ19b, Prop. 3.1] and Proposition 5.1 that for (a, b, c, d) on FPk(B)
and the Fermat-Pell fibration piFP : V (B)1,k → FPk(B) the fiber pi−1FP(a, b, c, d) is rational
with a birational map to Ak−2 given by (x1, . . . , xk+1) 7→ (x4, . . . , xk+1). But from (10),
V (B)1,k is fibered over the rational curve FPk(B) with rational fiber Fa,b,c,d. Hence V (B)1,k
is rational with the obvious birational map to Ak−2 × FPk(B). The same argument applies
to V (B)0,k. 
Note that not all the varieties V (B)N,k are rational: for example it is shown in [BEJ19, Sect. 2]
that V (B)2,1 is a curve of genus 1.
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